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Abstract 

Maximal and non-maximal supergravities in three spacetime dimensions allow 
for a large variety of semisimple and non-semisimple gauge groups, as well as com- 
plex gauge groups that have no analog in higher dimensions. In this contribution we 
review the recent progress in constructing these theories and discuss some of their 
possible applications. 



^Bascd on talks by B. de Wit and H. Nicolai at the 27th Johns Hopkins Workshop, 24 - 26 August 
2003, Goteborg, Sweden. 
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1 Introduction 



Locally supersymmetric theories in three spacetime dimensions coupled to matter have 
at most = 16 supersymmetries p. The bosonic matter is described by scalar fields, 
which parametrize a target space belonging to a nonlinear sigma model. While there 
is a large number of possible target spaces when < 4, the possibilities become more 
restricted with increasing A^: beyond = 4, the target spaces are coset spaces G/H, 
where H is the maximal compact subgroup of G. For all values of A^ these supergravities 
may be invariant under a bosonic symmetry group G, which commutes with the Lorentz 
transformations and spacetime diffeomorphisms and which involves (subgroups of) the 
target-space isometry group and the R-symmetry group SO(A^). In that case there exist 
supersymmetric deformations where a subgroup Go C G is promoted to a local symmetry 
121 ISl HI IS] 1 thereby furnishing three-dimensional analogs of the gauged supergravities in 
dimensions D > 4 that have been known for a long time. In contrast to higher-dimensional 
gauged supergravities, the vector fields in general appear via a Chern-Simons (CS) rather 
than a Yang-Mills (YM) term. As it turns out, there is a surprisingly rich structure and 
variety of possible gaugings, including semisimple and non-semisimple gauge groups as 
well as novel complex gaugings which have no analog in D > 4 dimensions. 

There are several reasons why D = 3 (gauged) supergravities are of more general 
interest. Below we list some of these reasons. 

• During the last five years there has been enormous interest in the so-called AdS / CFT 
correspondence, according to which a supergravity theory with an AdS groundstate 
is related to a (super) conformal theory hving on the boundary of the AdS space (see 
jSj for a review and an extensive list of references). Much of this interest has been 
focused on the AdS5/CFT4 correspondence, relating gauged maximal supergravity 
with gauge group SO (6) on AdSs [7] to the maximally supersymmetric Yang-Mills 
theory on its boundary. While in this case one has essentially only one theory to 
test the conjectured correspondence, the number of possibilities is far greater when 
one descends by two in the number of dimensions: the AdS3/CFT2 correspondence 
offers a much larger bestiary of examples, because on the one hand there are far 
more super conformal theories in two dimensions, and on the other hand because 
gauged supergravities are more numerous in three dimensions. 

• (Ungauged) extended supergravities exhibit their maximal global and most "unified" 
symmetry in three dimensions^, because all tensor gauge fields can be dualized 
to scalar fields, so that the propagating bosonic degrees of freedom are uniformly 
described by scalar fields, which usually live on a target space with a nice geometrical 

^Here we will not be concerned with the infinite dimensional global symmetries Eg, Eio and En, 
which are known, rcsp. conjectured, to emerge for maximal supergravities in dimensions D < 2. 
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structure. In particular for the maximal N = 16 theory, the maximally extended 
exceptional Lie algebra Eg makes its appearance whereas in dimensions D = 4 

and D = 5 the maximal-rank exceptional symmetries compatible with maximal 
supersymmetry are E7 and Eg, respectively ,10,. 

• Unlike the abelian duality relating scalar fields and antisymmetric tensor gauge fields 
in higher dimensions, the duality between scalar and vector fields can be extended 
to non-abelian gauge groups in three dimensions. There is a novel equivalence be- 
tween YM and certain CS gauge theories (which also holds for non-supersymmetric 
theories) which has no analog in dimensions D > 4. Namely, as shown in fn\ 13], 
in three dimensions, any YM gauged supergravity with gauge group Gym is equiv- 
alent to a CS gauged supergravity with non-semisimple gauge group Gym x ^ with 
a certain translation group T. Because in the latter formulation all the vectors 
appear via a CS term rather than a YM-type kinetic term, no new propagating 
degrees of freedom are generated by the gauging, as is required by the preservation 
of supersymmetry. Altogether, the CS gauged supergravities thus not only contain 
the YM-type gauged theories but encompass a much larger class of theories. 

• Because the vectors appear via a CS term and do not propagate, their number 
and hence the dimension of the gauge group are not determined a priori, unlike 
in dimensions D > 4. For this reason, the possible gaugings are more numerous 
and exhibit a richer structure than the corresponding D > 4 gauged supergravities. 
Similar comments apply to the scalar potentials of these theories which provide 
a large variety of symmetry breaking patterns with vacua of the anti-de Sitter, 
Minkowski or de Sitter- type [121 HBl EI ■ Among the novel features without analog 
in higher dimensions let us mention the existence of maximally supersymmetric 
vacua for non-compact gauge groups (cf. table 2 in section 9) and the occurrence 
of stable AdS-type vacua with completely broken supersymmetry (for D > 4, all 
known non-supersymmetric vacua of maximally gauged supergravities are unstable 

dnmainiiiHi). 

• Except for certain non-semisimple gaugings, none of the D = 3 gauged supergravi- 
ties can be obtained by any known mechanism from higher dimensional supergrav- 
ity. The very existence of these theories may thus point to the existence of new 
"cusps" of M theory, and the existence of new geometrical structures in eleven di- 
mensions of the type suggested in jT3 120] and references therein. The theories 
which do originate from higher dimensions usually appear with a YM-type kinetic 
term, and therefore necessarily require non-semisimple gauge groups in the CS-type 
formulation, as described above. In particular they include all those theories ob- 
tained by reduction of higher- dimensional maximal gauged supergravities on a torus, 
or by Kaluza-Klein compactification of higher-dimensional supergravities on some 
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internal manifold, such as for instance IIA/IIB supergravity compactified on the 
seven-sphere, or D = 5 supergravity on the two-sphere. 



• Just like D = 11 supergravity can be viewed as a strong-coupling limit of D = 10 
IIA superstring theory [21j one may speculate that four dimensions might arise out 
of a strongly coupled D = 3 supergravity theory [221 ■ this context, a special role 
is played by the dilaton field, whose expectation value on the one hand 'measures' 
the size of the on which one reduces, and on the other hand appears as the 
string coupling constant. The connection between the pertinent D = 3 potentials 
and the potentials of -D > 4 gauged supergravity potentials has been studied in jlj, 
where the dilaton is identified with the scalar field associated with a certain grading 
operator which is an element of the relevant (non-semisimple) gauge group. 

• Gauged supergravity can provide an effective and economical description of an infi- 
nite number of Kaluza-Klein supermultiplets in a way that is again without analog 
in dimensions D > 4. This has been recently demonstrated for the compactification 
of matter-coupled half maximal D = 6 supergravity on AdSs x S*^ which leads to an 
effective theory in three dimensions with N = 8 local supersymmetries [2H]- More 
specifically, the self-interactions of the the spin-1 Kaluza-Klein towers are fully de- 
scribed by an = 8 gauged supergravity with gauge group SO (4) \k %o, where %o 
is an infinite dimensional translation group, and the gauge group is embedded into 
the global symmetry group S0(8, oo). (The second entry is infinite because there 
are infinitely many A^ = 8 matter supermultiplets.) In particular, this embedding 
is compatible with the quantum numbers of the Kaluza-Klein supermultiplets, and 
the masses of all Kaluza-Klein states are correctly recovered from a single scalar 
potential. 

• Finally, there are intriguing connections to recent developments in the differential 
geometry of three-dimensional manifolds. On the one hand, the models contain the 
CS Lagrangians that can be used to describe knots and links and their characteristic 
polynomials (invariants) [23 123 12^1 • On the other hand they contain the requisite 
matter fields to realize the various elementary Thurston geometries [2Z1 12H] ; in par- 
ticular, recent progress in establishing part of the Thurston conjecture [221 has been 
based on the introduction of a 'dilaton field'. The question is therefore whether these 
gauged supergravities can provide a unified framework for these so far disconnected 
parts of mathematics. 

This review is organized as follows. In section 2 we briefly review the results of 
on the ungauged supergravity theories in three dimensions. The global invariances of 
the corresponding Lagrangians are discussed in section 3. In section 4 we show that 
arbitrary gauge field couplings of Yang-Mills-type in three dimensions may always be 
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brought into the form of particular Chern-Simons interactions. For general gaugings 
we may thus restrict attention to the latter type of theories. In section 5 and 6 we 
present the full Lagrangian and transformation rules of the gauged supergravities in three 
dimensions, as well as the conditions that must be satisfied in order that the gauging 
preserves supersymmetry. The theories for < 4 supersymmetries are discussed in more 
detail in section 7, while sections 8 and 9 focus on the structure of the > 4 theories, and 
in particular on the admissible gauge groups for the maximal (A^ = 16) theory. There, we 
also mention some possible implications of our results for the AdS3/CFT2 correspondence. 



2 Supergravity coupled to nonlinear sigma models 

In this section we briefly summarize the results of PP (for a discussion of the peculiarities 
of pure gravity in three space-time dimensions, we refer to [^01 E])- The fields of the 
nonlinear sigma model are the target-space coordinates 0* and their superpartners x% with 
i = 1, . . . ,d; the supergravity fields are the dreibein e^", the spin-connection field a;^'^* and 
A^ gravitino fields ipjj^ with / = 1, . . . , A^. The gravitinos transform under the R-symmetry 
group SO(A^), which is not necessarily a symmetry group of the Lagrangian. 

Since the fields are all massless at this stage, one may assume that no matter fields 
other than scalars and spinors are required, because helicity is trivial in three dimensions. 
The scalar fields parametrize a target space endowed with a Riemannian metric gij{4>)- 
Pure supergravity is topological in three dimensions and exists for an arbitrary number 
A^ of supercharges and corresponding gravitinos |32j. Its coupling to a nonlinear sigma 
model requires the existence of A^ — 1 hermitean, almost complex, structures 
labeled by P = 2, . . . , A^, which generate a Clifford algebra, 

f^'k f^'j + f^'k f"", = -2 (^^'^ 5J . (2.1) 

From the one constructs |A^(A^— 1) tensors flj' = —ff/ = —fji that act as generators 
for the group SO(A^), 



where, here and henceforth, I , J = 1, . . . , N. The /^"^ are covariantly constant, both with 
respect to the Christoffel and SO(A^) target-space connections, Tij'' and Qf'^, respectively, 

A (r, Q) f%' = dd%' - 2 r,[,' /^f + 2 gf //J^ = . (2.3) 

The SO(A^) connections Qi-^{(j)) are nontrivial in view of 

RifiQ) ^ d, QY - d,Q[^ + 2Qf^'Qf = \fl/ . (2.4) 
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For N = 2 the target space is Kahler and /^^ is a complex structure. The SO (2) 
holonomy is undetermined. For = 3, there are three (almost) complex structures 
f^'^iP^ and /^^, and the target space is a quaternion-Kahler space. The case = 4 is 
special: there exists a tensor J*j, defined by 

J ^ ^^^IJKLflJfKL j2^^^ (2.5) 



which has eigenvalues ±1, commutes with the almost complex structures and is covari- 
antly constant. This implies that the target space is locally the product of two separate 
Riemannian spaces of dimension d±, where + = d and d± are both multiples of 
4. These two subspaces are quaternion-Kahler and correspond to inequivalent N = 4 
supermultiplets. For = 4 we note the following identity, 

with (anti) self-dual projectors, 



For N > 2 the target space is an Einstein space with nontrivial SO(A^) holonomy. The 
holonomy group is contained in SO(A^) x H' C SO{d) which must act irreducibly on the 
target space. The group H' must be a subgroup of SO(A;) (for = 7, 8,9 mod 8), U{k) 
(for A^ = 2,6 mod 8), or Sp(A;) (for A^ = 3,4, 5 mod 8), where k denotes the number of 
independent supermultiplets whose scalar fields parametrize the target space. For A^ = 4 
these results are more subtle because of the product structure. We note the following 
relations (always assuming A^ > 2), 

Rijkl = I (^fi/ fki + h'^j hli^ , 

R,j = {N -2 + \d)gi, + \{d+-d.)J,, , (2.8) 

where, for A^ 7^ 4, one must set Jij = and f^^-^'^^ = , in the first equation, 

Cap{,<P) is a symmetric tensor and the target-space tensors hfj{(f)) form a basis of antisym- 
metric tensors commuting with the almost complex structures. These tensors generate 
the H' factor of the holonomy group with corresponding structure constants f^^^y. 

Beyond A^ = 4 the target space geometries become very restricted. This is shown in 
table m where k denotes the number of matter supermultiplets coupled to supergravity. 
Remarkably, not all values of 4 < A^ < 16 can be realized: matter-coupled supergravities 
exist only for A^ = 5, 6, 8, 9, 10, 12 and 16 supercharges. Furthermore, only for A^ < 8 is 
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N 


Target Space 


d 


1 


Riemann manifold A4r 


k 


2 


Kahler manifold M.k 


2k 


3 


quaternion Kahler manifold AiqK 


Ak 


4 


quaternion Kahler manifolds A1qkixA1qk2 


4:{ki+k2) 


5 


Sp(2,^)/(Sp(2)xSp(A;)) 


8k 


6 


SU(4, k)/{S\J{k) X SU(4) X U(l)) 


8k 


8 


SO(8,A;)/(SO(8)xSO(A;)) 


8k 


9 


F4(-20)/SO(9) 


16 


10 


E6(_i4)/(SO(10)xU(l)) 


32 


12 


E7(_5)/(SO(12)xSp(l)) 


64 


16 


E8(8)/SO(16) 


128 



Table 1: Target spaces for -D = 3 supergravities. The number of independent supermultiplets 
is denoted by k. For N = 4 there exist two types of (inequivalent) supermultiplets, counted by 
ki and k2- 

it possible to include an arbitrary number k of supermultiplets, whereas for N >9 there 
exists only one theory for each admissible value of N. 

Let us now turn to the Lagrangian and supersymmetry transformations. We adopt 
a manifestly SO(A^) covariant notation which allows to select the A^ — 1 almost complex 
structures from the /^"^ tensors by specifying some arbitrary unit A^-vector aj and iden- 
tifying the complex structures with ajf^^. Accordingly we extend the fermion fields 
to an overcomplete set, x*^, defined by 

x"-{x\r3X') ■ (2.9) 

The fact that we have only d fermion fields, rather than dN , is expressed by the SO(A^) 
covariant constraint, 

X'' - ^'j)x'' ^ ^{S''S]-f''j)x''. (2.10) 

We should stress, that the introduction of is a purely notational convenience; at every 
step in the computation one may change back to the original notation by choosing = 
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aix^^ ■ The covariant notation does not imply that the theory is SO(A^) invariant; rather 
the covariant setting allows us to treat the supersymmetries and the corresponding 
gravitinos on equal footing. 

The Lagrangian then takes the form 

Co = -I i e^'P (e/ + i^lD^^l) - \e g^, {g^'' d^<^' d,<^ + N-^x^'jpx'') 
+ ie g,, r'l^Yi^i {d,<P^ + d,<P^) ' N'^R^^ki r'laX'' t'l'^x'' 
+ (3 {g,^ X V)' - 2(iV - 2) [g,, x^l^x''?) , (2.11) 

with the covariant derivatives 

D,r' = {d, + loo; 7a) + d,<p^ (r;., x"' + Q'/x'') ■ (2.12) 

As in we use the Pauli-Kallen metric with hermitean gamma matrices 7"^, satisfying 

7a 76 = ^ab + ^^abcl^- The Lagraugiau is invariant under the following supersymmetry 
transformations 

6x'' = I {6''l-f'y, W - X^' + Q]\'') , (2.13) 

with the supercovariant derivative 9^0* = 9^0* — l-^^x*^. Observe that the terms pro- 
portional to 50 in Sx^^ do not satisfy the same constraint ()2.10p as x*^ itself, because 
the projection operator Pj^- itself transforms under supersymmetry, such that only the 
projector condition is supersymmetric. 

3 Isometries and R- symmetries 

The Lagrangian ()2.1H] and the transformation rules ()2.13|1 are consistent with target-space 
diffeomorphisms and field- dependent SO(iV) R-symmetry rotations. These transforma- 
tions correspond to reparametrizations within certain equivalence classes, but do not, in 
general, constitute an invariance. The SO(A^) rotations act on -0^, x*^ and Qj'^ according 
to 

= S''{<P) ^IjI , 5x" = 5"(0) x'' , SQ'/ = -D,S'\<P) . (3.1) 
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From ()2.4|) . one concludes that the f^"^ should be rotated correspondingly, 

5/" = 2 5^[^(0)/^l^. (3.2) 

The bosonic invariance group G of the Lagrangian 1)2.111) that commutes with the 
Lorentz transformations and spacetime diffeomorphisms, is a subgroup of the product of 
the target-space isometries times the R-symmetry transformations. It is generated by 
those target-space isometries whose action on the Q^"^ and f^'^ may be absorbed by a 
special SO(A^) transformation 1)3.11) . ()3.2)) . Specifically, its generators are Killing vector 
fields X^{(f)) satisfying 

Cxg^J = 0, £xQ" + A5"(0,X) = 0, 

Cxf!/-2S''^\<P,X)ff^'' = 0, (3.3) 

where S^'^{(I),X) is the parameter of an infinitesimal SO(A^) rotation which depends both 
on X*(0) and on the scalar fields. The Lagrangian ()2.11j) is then invariant under the 
combined transformations, 

50^ = XX0), 6^l = S''{<p,X)iji, 6x'' = x''d,X' + S''{<l>,X)x'' . (3.4) 
The fermion transformations can be rewritten covariantly, 

6^Pl = V\ct>,X)^i-5ct>'Ql''^i, 

5x'' = D,x^ x'' + v^^(0, X) x'' - (r;., x"' + Q'/x'') , (3.5) 

where V^-^(0,X) = X^Qj'^(0) + 5^-^(0, X). Using Q and (Q, one verifies that the 
second equation of ()3.3|) corresponds to, 

AV"(0,X) = |/^.-^(0)X^(0), (3.6) 

which shows that V^'^(0, X) can be regarded as as the moment map associated with the 
isometry X*. After contracting ()3.6p with one obtains 

f ic/V", for X^ 2, 4 

f^'^DiX, = I ' , (3.7) 

The last equation of ()3.3|) coincides with the integrability condition related to ()3.6|) and 
is thus automatically satisfied. 

For N > 2, the above analysis shows that there are no obstructions for extending an 
isometry to an invariance of the Lagrangian. For N = 2 this is different: V^'^ is determined 
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by ()3.6|) up to an integration constant related to the invariance of the Lagrangian under 
constant SO (2) transformations of the fermions. The isometries leave the complex struc- 
ture invariant and are therefore holomorphic. For = 4 the (anti) self dual almost com- 
plex structures P^'^''^^ f^^ live in the corresponding ci-t-dimensional quaternion-Kahler 
subspace. The same holds for the moment maps, 

^iJ,KLyKL^ which according to (jSlI) 
depend only on the corresponding subspace coordinates. Note, however, that when one 
of the subspaces is trivial, say when (i_ = 0, then p^-^'^-^y^^ corresponds to a triplet of 
arbitrary constants. This is a consequence of the fact that the model in this case has a 
rigid SO (3) invariance acting exclusively on the fermions. 

These integration constants in V^"^ correspond to the so-called Fayet-Iliopoulos (FI) 
terms that are known from the gaugings of four- dimensional N = 1 and N = 2 super- 
gravity. Indirectly, the above results may have implications for higher-dimensional gauged 
supergravities, as follows from considering their reduction to three dimensions. For in- 
stance, the reduction of d = 4, N = 1 supergravity leads to d = 3, N = 2 supergravity for 
which the moment maps can always be modified by an additive constant. Consequently, 
we expect that there are no obstructions against a FI term in four dimensions, which is in- 
deed the case. For d = 4, N = 2 supergravity the situation is more subtle. The reduction 
of these theories to three dimensions leads to a product of two quaternion-Kahler target 
spaces, one associated with the vector multiplets and one associated with the hypermulti- 
plets in four dimensions. As in three dimensions there are no integration constants in the 
moment maps unless one of these quaternion-Kahler spaces is of dimension zero, it follows 
that FI terms are only possible in four dimensions in the absence of hypermultiplets, a 
result which is indeed well known. 

The generators of G are labeled by indices M.,M . . . and generate an algebra g. They 
consist of combined isometries generated by Killing vectors X-^* and infinitesimal SO(A^) 
rotations S^^'' = S^'^{(f), X^). For N = 2,4 one may have the situation that some of the 
vanish, while the corresponding S^^'' are constant. Closure of q implies, 

[S^^S^]^^ -X'^'diS''^^ + X^'diS'^^-^ = -f^^^S^^-^ , (3.9) 

with structure constants f^\. 

From the integrability condition of ()3.6p one derives that DiXj-\f^f^ V*^^ commutes 
with the almost complex structures. For N > 2 this implies that it can be decomposed 
in terms of the antisymmetric tensors /i^- introduced in ()2.8|1 . 

AXf -i/Z/V^^'' = hf^^V^a. (3.10) 
Introducing the notation V'^* = X^\ we establish the following system of linear differ- 
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ential equations, 



'■13 l^j 

DiV^j = i///V^^^ + /i°V^«, (3.11) 



where the covariant derivative contains the Christoffel connection as well as the SO(iV) xH' 
connections. Furthermore, we derive 

Under the G-transformations the quantities V'^^'^, V'^* and V^a transform according to 
the adjoint representation of G, up to field-dependent SO(A^) x H' transformations, as is 
shown by, 

V-^^AV-^, = -r'^^V'^a + fW^.V^p. (3.13) 
For V'^* this result is captured by ()3.8j) . 



4 Yang-Mills versus Chern-Simons gauged theories 

So far we have been concerned with massless matter fields. We now turn to supersym- 
metric deformations of these theories that can be obtained by gauging. In that case two 
issues arise immediately. First the theories discussed so far did not include vector fields 
that are obviously needed to effect the gauging. Secondly, when the fields are not massless 
then it is no longer obvious that matter supermultiplets can be exclusively described in 
terms of scalar and spinor fields, and one might want to include other fields as well. As 
it turns out, these two issues are somewhat related. 

First of all, one can always include vector gauge fields without changing the number 
of dynamic degrees of freedom, by introducing CS terms. This seems to leave open the 
option of adding additional standard YM kinetic terms (which may eventually acquire 
mass terms by spontaneous symmetry breaking) to describe some of the matter degrees 
of freedom. In fact, all the theories that have been constructed by direct dimensional 
reduction appear as YM rather than CS gauged theories jSSlEll- 
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However, it turns out that the YM Lagrangians in three dimensions are simply equiv- 
alent to particular CS Lagrangians. The dynamic degrees of freedom are then carried by 
extra (compensating) scalar fields. In this conversion every gauge field is replaced by two 
gauge fields and a new scalar field, which together describe the same number of dynamic 
degrees of freedom as the original gauge field. The nonabelian gauge group is enlarged to 
a bigger gauge group which is necessarily non-semisimple. To see how this comes about, 
consider a Lagrangian in three spacetime dimensions with YM kinetic terms quadratic in 
the field strengths and with moment interactions proportional to gauge covariant tensors 

C=-\^{F^M)+Oi{A,^))MABm {F^^'{A)+0^^'^{A,^)) + C\A,^) .(4.1) 

Here A"^ denote the nonabelian gauge fields labeled by indices A, 5, . . ., and $ generically 
denotes possible matter fields transforming according to certain representations of the 
gauge group Gym- The structure constants of this group are denoted by /as*", so that 
the field strengths read, 

F^M) = dX - duA^, - fBC^ K^^t ■ 

The symmetric matrix Ma5($) may depend on the matter fields and transforms covari- 
antly under Gym- The last term, £'(A, $), in the Lagrangian is separately gauge invariant 
and its dependence on the gauge fields is exclusively contained in covariant derivatives of 
the matter fields or in topological mass terms [i.e. CS terms). 

Usually the duality is effected by regarding the field strength as an independent field 
on which the Bianchi identity is imposed by means of a Lagrange multiplier. Because the 
Lagrangian ()4.1|) depends explicitly on both the field strengths and on the gauge fields, we 
proceed differently and write the field strength in terms of new vector fields -B^^i and the 
derivative of compensating scalar fields 0^, all transforming in the adjoint representation 
of the gauge group. The explicit expression. 



iy^e,,,(F^'^^(A) + 0^^^(A$)) = M^^(55^-Z}^0s), (4.2) 



where Mac^^^ = should be regarded as a field equation that follows from the new 
Lagrangian ()4.5|1 that we are about to present. The structure of ()4.2|1 implies that we are 
dealing with additional gauge transformations as its right-hand side is invariant under the 
combined transformations, 

SBa^, = D^Aa, S(Pa = Aa, (4.3) 

under which all other fields remain invariant. The corresponding abelian gauge group, T, 
has nilpotent generators transforming in the adjoint representation of Gym- Obviously, 
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the (pA act as compensating fields with respect to T. The combined gauge group is now a 
semidirect product of Gym and T and its dimension is twice the dimension of the original 
gauge group Gym- The covariant field strengths belonging to the new gauge group are 
F^(y4) and Fa^v{.B, A) = 2D[^Bau], and transform under T according to = and 
^Fa^iu = —Ac fAB^' Fj^y The fully gauge covariant derivative of 0a equals 

b^ct^A = D^<Pa -Ba^ = d^^A - fAB^ Al 0c - Ba^ , (4.4) 

and is invariant under T transformations. 

The field equations corresponding to the new Lagrangian, 

L = ~l^b,(l)AM^^{^)byB+'^ie''''''iF^,BAp-0^,bp(l)A) + C\A,^)iA.^ 

lead to ()4.2j) as well as to the same field equations as before for the matter fields 
Observe that the Lagrangian is fully gauge invariant up to a total derivative. In this way, 
the YM Lagrangian has now been converted to a CS Lagrangian, with a different gauge 
group and a different scalar field content, although the theory is still equivalent on-shell 
to the original one. To obtain the original Lagrangian ()4.1|) . one simply imposes the gauge 
(j)A = and integrates out the fields Baij.- 

In figure 1 we schematically illustrate the implications of this equivalence for gauged 
super gravities in three dimensions. When descended from higher dimensions, the un- 
gauged theories usually appear with the physical bosonic degrees of freedom in different 
guises, as scalar and vector fields. In order to exhibit possible hidden symmetries, one 
then dualizes the vector fields after which all bosonic degrees of freedom are represented 
by scalar fields (in principle there can also exist 'intermediate' versions). The resulting 
theory is then on-shell equivalent to the original one. Both theories can be gauged, but 
as the table shows, the on-shell equivalence persists. 

Perhaps it is worth pointing out that introducing a mass term to a CS theory or a YM 
theory has different consequences with regard to the degrees of freedom [35J. An abelian 
CS term with a regular mass term proportional to ^mA^ yields the following massive 
wave equation for the vector field, 

d^A^ - d^A^ = ±im e^^p A^ , (4.6) 

which describes massive degrees of freedom with spin only equal to +1 or —1, depending 
on the sign of the mass term. In contradistinction, a YM kinetic term with a regular mass 
term ^m^ A^ leads to massive degrees of freedom carrying both spin +1 and spin — L This 
doubling of degrees of freedom is consistent with the YM-CS conversion described above, 
as a YM theory takes the form of a CS theory with twice the number of vector fields. 
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Figure 1: CS and YM gauged supergravity in three dimensions 

5 The embedding tensor 

We now wish to deform the Lagrangian ()2.1H) such that it becomes invariant under a 
subset of transformations ()3.4|) with spacetime dependent parameters. The corresponding 
subalgebra go C g is characterized by an embedding tensor ©^^r via 



AflJ 



(5.1) 



with gauge parameters A^(x) depending on the spacetime coordinates, and a gauge cou- 
phng constant g. Unless the gauge group Gq coincides with the full symmetry group 
G, the embedding tensor acts as a projector which reduces the number of independent 
parameters according to 



dim 00 = rank . 



(5.2) 



Although it is not obvious from the way Qmat appears in ()5.H1 we will see below that it 
must be gauge invariant and symmetric under interchange of the indices A4 and N'. Via 
t^Qj^j^t-^ it defines an element in the symmetric tensor product (0®0)sym- In order that 
the gauge tranformations generate a group, Oaiat must satisfy the condition, 



I MM 



e 



VR. 1 



(5.3) 



for certain constants fMU^^ which are subsequently identified as the structure constants of 
the gauge group. One can verify that the validity of the Jacobi identity for the gauge group 
structure constants follows directly from the Jacobi identity associated with the group G, 
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subject to projection by the embedding tensor. The symmetry and gauge invariance of 
Qmv imphes that Jmv^ ©sat + /at-p^ ©aiq = 0, which can be written in G-covariant form, 

<s>vc{r'M<s>^K + r'M<s>M.) = 0. (5.4) 

Subsequently we introduce the gauge fields A-^ into the definition of the covariant 
derivatives. For example, we have 

V,^' = d,^' + g , (5.5) 

for the scalar fields. Their covariant field strengths follow from the commutator of two 
covariant derivatives, e.g., 

[D^,I).]0^ = (7e^^F-X^\ (5.6) 

and take the form 

^Mj^P/l^ = ©MAT (^<9/x^^ — 9yA^ — g f-pQ^ ^Jl^u^ ■ (5-7) 

The extra minimal couplings ()5.5|) render the Lagrangian invariant under local trans- 
formations ()3.4|) . 1)5.11) provided we assume the following transformation behavior of the 
vector fields 

Qmj, SA-^ = (-9^A-^ + g Ua"" Al A«) . (5.8) 

However, they violate supersymmetry and the central question is whether new terms in 
the supersymmetry variations and in the Lagrangian can be found such as to regain this 
symmetry. It is at this point that the need arises to include a CS term for the vector 
fields, 

/:cs = \ige^'''A'^<$>j^^(d,A''^-\gU^''AlA^^, (5.9) 
and assume the following supersymmetry transformations. 



©AIAT ^A — ©AIAT 



2V-^"^V + V^,X'V • (5.10) 



In order for this to work and to preserve gauge invariance, it is necessary to adopt a 
symmetric, gauge invariant, embedding tensor. 
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Although the embedding tensors must be found case by case, let us briefly mention 
some general properties. For semisimple gaugings, the Lie algebra Qq always decomposes 

ClS db direct sum 

0o = 00iCs, (5.11) 

i 

of simple Lie algebras Qi. In this case, the embedding tensor can be written as a sum of 
projection operators 

= '^eiVMv{^iVj^ , (5.12) 

i 

where Hi projects onto the i-th simple factor goi, Vmv is the Cartan-Killing form, and the 
constants Ei characterize the relative strengths of the gauge couplings. There is only one 
overall gauge coupling constant g for the maximal theory {N = 16), but there may be 
several independent coupling constants for lower N. 

For non-semisimple gaugings, ()5.1H1 is replaced by 

0o = 00i©t, (5.13) 

i 

where t represents the solvable part of the gauge group. For the non-semisimple gauge 
groups which typically appear in theories obtained by dimensional reduction, the latter 
subalgebra decomposes into 

t = to©t'. (5.14) 

The abelian subalgebra to here transforms in the adjoint of the semisimple part of the 
gauge group and pairs up with the semisimple subalgebra in the embedding tensor, which 
has non- vanishing components only in (gj to)sym and in (f (g) t')sym- There are also many 
examples of nilpotent and almost nilpotent gaugings, where the semisimple part is absent 
or 'small'. Many examples of non-semisimple gaugings can be generated from semisimple 
ones by a singular "boost" within the global sjnnmetry group G, as explained in 



6 T-tensors, consistency constraints, and the Lagrangian 

Before presenting the full Lagrangian of the gauged supergravity, we deflne the so-called 
T-tensor (originally introduced in higher-dimensional supergravity j^ni) as 

= V^'Qj^j^V^^ , TJ = V^a<S>Mj^V^\ (6.1) 
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The T-tensor components that carry indices a, (3 do not appear directly in the Lagrangian 
and transformation rules and are only defined for N > 2. From ()5.4j) and ()3.13|) it 
readily follows that the T-tensor transforms covariantly under the gauged isometries. The 
additional masslike terms and the scalar potential in the Lagrangian and the corresponding 
terms in the supersymmetry variations of the fermion fields, which we will specify shortly, 
are encoded in three tensors, Ai, A2 and ^3, which are related to the T-tensor. 

A central result of [Sj is that a gauge group Gq C G with a gauge invariant embed- 
ding tensor B^iaa describing the minimal couplings according to ()5.5|) . is consistent with 
supersymmetry if and only if the associated T-tensor satisfies the constraint, 

rpIJ,KL _ rp[IJ,KL] _ ^I[K rpL]M,MJ " " rpMN,MN /g 2) 

N-2 {N-l){N-2) ' ^ ' ' 

For = 1 and N = 2, this constraint degenerates to an identity. The consistency con- 
straint ()6.2|) has a simple group-theoretical meaning in SO(A^): denoting the irreducible 
parts of T"'^^ under SO(A^) by 



B X B)syn. = 1 + m + H 



(6.3) 



with each box representing a vector representation of SO(A^), equation ()6.2|) eliminates 
the "Weyl-tensor" type representation 

P T^-^'^^ = . (6.4) 

The condition for a consistent gauging is now fully captured by constraints ()5.4|1 and ()6.2j] 
applied to a symmetric embedding tensor O^j^. Specific cases will be discussed in later 
sections. 

Let us now present the full Lagrangian and transformation rules. The Lagrangian is 
given by 

£ = _ 1 i e/^-P (e/ R^^^ + V^^P,^;) - ie g,, [g^^ V,(l>^ + N~^t'W') 
+ \ ig e^'^P (S.A^ - \g A^A^) 

+ \e 9^, r^l'l'^i i-Du^' + ^u<P') - N-^R^u tlaX'' t'l"^' 
+ (3 ^g^^^^^^oif _ 2(iV-2) (^?., xVx^')') 

+ eg (i 7^^ + A{] I'X'' r'x''] 
- 2 {g^^ J^J^ - 2N^^A{'A{') , (6.5) 
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with covariant derivatives defined by 

+ g e^^A- [6] V^" - 6''g'' D^V^,) x'' ■ (6.6) 
The supersymmetry transformations read 



with 



5e/ 
























V,e' -\gi,x''l''x'''l,.e' 






6(f)' 




¥x'' 






Sx'' 






9 {Y)^X''' ^ Q]' X'') - 


gNA 












;auge 


transformations take the form 










= gQ^^K^X^\ 










= gQ^j,K^V^''i^-l-c 







Jil J 



(6.7) 



Sx'' = 9 a"^(x^' ^,v^^ + v^'' x'') - (r;.fc x'' + QYx'') , 

Qj^uSA^ = ej^j,{-d^A-^ + gUa^A;A^). (6.9) 
For N > 2, the tensor Ai is given by 

aIJ _ ^ rpIM,JM I 2 ^IJ rpMN,MN in -in^ 

- ~iV^^ +(iV-l)(iV-2)^ ^ ■ ^^-^"^ 

In the cases = 1,2, this tensor is only partially determined as we shall describe in the 
next section. For all values of the tensors A2 and ^3 are given functions of A\ and the 
T-tensor ()6.ip . 



^2. - ^ 



^{aA(^ + 2T^-^,} 



+2T,,5"-4D[,T",] -2T,[,/"^,]} . (6.11) 
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Using ()6.2|) and its derivatives, one may verify that these tensors satisfy the symmetries 
imphed by their appearance in ()6.5p : 

A{' = A{\ PflA^f = Al\, = As^! = PfMsg^ (6.12) 



7 Discussion of low N theories 



In this section we discuss the gauged supergravities for low values of A^, following 
The cases = 1,2 are special because the tensor Ai entering the potential and the 
gravitino mass term is not uniquely determined by the conditions derived in the foregoing 
section, and thus in general is not expressible in terms of the T-tensor alone. This leaves 
the freedom for additional deformations (and thus scalar field potentials) which are not 
induced by gauging. The additional freedom for = 1 and N = 2 appears via real and 
complex holomorphic superpotentials, respectively. For > 3, on the other hand, all 
deformations correspond to gaugings. 



7.1 AT = 1 

In this case, the target space is a Riemannian manifold of arbitrary dimension d. The 
tensor Ai has just one component, which is a gauge invariant function F{(f)) on the target 
space, 

Qj^j^X^'d.F = . (7.1) 

Reading off the values for A2 and A3 from ()6.1H) . we obtain 

Ai = F , A2^ = diF , A^ij = QijF -2D,djF + 2Ti, , (7.2) 

with Tij = Qj^j^X^ . As a consequence, any subgroup of isometrics can be gauged 
(for example, by choosing a constant function F) . The gravitino ip^ is never charged under 
the gauge group, and the gauging is restricted to the matter sector. The case Qmu = 
and F 7^ corresponds to deformations of the original theory that are not induced by 
gaugings. The scalar potential V is given by 

V = 2g^{g'^d,Fd,F-2F^) , (7.3) 

so that the function F serves as the real superpotential. Stationary points of F define 
(anti-de Sitter) supersymmetric ground states. An off-shell version of these results for 
abelian gauge groups was recently given in |S7] . 
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7.2 AT = 2 



The target space in this case is a Kahler manifold and may be conveniently parametrized 
by d/2 complex coordinates and their conjugates, Its metric and the S0(2) 

connection are given in terms of the Kahler 0) potential as Qij = didjK, Qi = Qj^ = 
— jidiK. Any subgroup of the invariance group can be gauged. Partial results for abelian 
N = 2 gaugings have been obtained in j^Hl EH EOl HI] • 

According to ()3.3p only holomorphic isometrics of the target space can be extended to 
symmetries of the Lagrangian. Such isometrics are parameterized by holomorphic Killing 
vector fields {X\X'), 

d-,X^ = , DiXj + DjXi = . 

The second condition implies that the Kahler potential remains invariant under the isom- 
etry up to a Kahler transformation. We write this special Kahler transformation in terms 
of a holomorphic function iS(0), i.e., 

6K{(j), (f)) = -X' diK - X' djK = Ai{S-S). (7.4) 

Equation (jH.fij) may then be solved as 

V = V^^ = -\i{X'd,K - X'djK) + = ~\iX'diK + 2S. 

For every generator X^ of the invariance group we thus identify a holomorphic func- 
tion 5-^, determined by ()7.4|) up to a real constant. The particular transformation (which 
we denote with the extra label = 0), 

X0^ = 0, 5° = i, V° = l, (7.5) 

constitutes a central extension of the isometry group and generates the SO (2) R-symmetry 
group that acts exclusively on the fermions. These symmetries play a role in the presence 
of FI terms. We refer to 'SJ for further details. 

For the T-tensor, we introduce the notation 

T = T^-^." = 2T^2,i2 ^ ^ T^% = lidiT. (7.6) 

The tensor Af'^ is determined by ()6.10|) 

Al' = -T- , Af = -T + e^/^ , = Af = e^/^ , (7.7) 
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with an holomorphic superpotential W{(f)), which, because of gauge covariance, must sat- 
isfy 

ej^_^{X^'D,W -2iV''W) = Qj^j^iX^'d.W -AiS^W) = 0, (7.8) 

with the Kahler covariant derivative DiW = diW + diKW. The tensors A3 follow 
from ()6.1H) : for A2 we find, 

A\] = -\A\\ = -i(9.T + e^/'D,W) , Aj] = \Al\ = \\{d,T - e^'/'D.W) . (7.9) 

The scalar potential of the gauged theory is given by 

V = g^(Ag''diTd,T -4T^ + g''e^DiWD,W -4e^ \W\^^ . (7.10) 

Note that in three dimensions, the scalar potential contains terms quartic in the moment 
map V, since the T-tensor is quadratic in V. This is in contrast with e.g. four dimensions, 
where the corresponding part of the scalar potential is quadratic in V. 

Analogous to the = 1 case, there are two kinds of supersymmetric deformations 
of the original theory. On the one hand, there are the gaugings, which are completely 
characterized by an embedding tensor Oaiat- The above analysis shows that there is no 
restriction on the T-tensor, and therefore any subgroup of the invariance group of the 
theory is an admissible gauge group, as long as its embedding tensor satisfies ()5.4|) . On 
the other hand there are the deformations described by the holomorphic superpotential 
W, which are not induced by a gauging. In case both deformations are simultaneously 
present, their compatibility requires (j7.8|) . Pure N = 2 supergravity (without gauging) 
can have a cosmological constant corresponding to a constant W and vanishing T. This 
implies that the gravitino mass matrix is traceless. An alternative way to generate a 
cosmological term in pure supergravity makes use of gauging the R-symmetry group. In 
that case, T equals a nonzero constant (equal to Oqo) and W = 0; the gravitino mass 
matrix is then proportional to the identity. The latter version has been considered in jnE] • 

7.3 Some comments on = 3 and A^ = 4 theories 

For A^ = 3, the target space is a quaternion-Kahler manifold. In this case, the consis- 
tency condition ()6.2|) reduces to an identity such that any subgroup of isometrics can be 
consistently gauged. For A^ = 4 on the other hand, the target space is locally a product 
of two quaternion-Kahler manifolds of dimension d±. The almost- complex structures /^■^ 
decompose into two sets of three almost-complex structures 

- H^+i)^ = (p = i,2,3), 

= UJ-^)f= (p=i,2,3), (7.11) 
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corresponding to the decomposition of the SO (4) R-symmetry group, 



S0(4) = S0(3)+ X S0(3)" . (7.12) 

In this basis, the consistency condition ()6.2|) that encodes supersymmetry of the theory 
takes the form 

J.PQ ^ I^pQt^R^ where T^Q = V^^G^^V^^ , (7.13) 

and correspondingly for T^*^. The off-diagonal components, T^*^ are constrained by the 
quadratic constraint ()5.4|) . see reference |3] for details. Unlike the cases < 4, it is 
thus no longer possible to gauge any subgroup of the isometry group. We refer to |3] for 
further details. Henceforth, we will call a subgroup of G 'admissible' if its embedding 
tensor obeys (j5.3|) and (j6.2j) . so that supersymmetry is preserved. 



8 Symmetric target spaces with > 4 

Beyond = 4, the only admissible target spaces are the symmetric spaces listed in 
table HJ Hence they are coset spaces G/H, where the isotropy group is equal to the 
(maximal) holonomy group SO(A^) x H'. The scalar fields may be described by means 
of a G- valued matrix L{(f)^), on which the rigid action of G is realized by left multipli- 
cation, while SO(A^) x H' acts as a local symmetry by multiplication from the right. 
The generators of the group G constitute a Lie algebra g, which thus decomposes into 
{t^} = The X" generate SO(A^), the X" generate the compact group 

H', while the remaining (noncompact) generators transform in a spinor representation 
of SO(A^). The connection with the general quantities introduced above is given via 

L--%L = iQ[-^x" + Q,"X" + e/F^ , 

g., = e.^e,^5AB, f!/= -Ti^efef, V^. = e.^V^A. (8.1) 



Equations ()3.12|) then correspond to the fact that the map 

L~H^L , (8.2) 

is an isomorphism of the algebra g; the actual equations follow straightforwardly from 
the commutator [L'^t^L, L-H^L], upon using the explicit commutation relations of the 
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generators X^"^ , X" and Y"^. Linear first-order differential equations such as ()3.11|) can be 
derived for any coset space (see, e.g. |12]) and the actual results follow after substituting 
the appropriate expressions for the coset-space curvatures. Here we should add that the 
above analysis can be straightforwardly extended to = 4 with symmetric target spaces, 
as all these spaces are known and exhibit the same characteristics as outlined above. 

The symmetric space structure in particular implies, that the T-tensor ()6.H) coincides 
with the image of the embedding tensor Q^m under ()8.2p . 

T^B = v^^e^^v-^B, (8.3) 

This allows us to lift the consistency condition ()6.4|) . according to which the SO(A^) rep- 
resentation □ in the T-tensor vanishes, to a field-independent condition on the embedding 
tensor. 



VQ 



MM 



6^2 = . (8.4) 



Here P projects onto the unique irreducible representation in (0(80)sym that contains the ffl 
representation of the T-tensor, via ()8.3|) . It is a non-trivial fact that the T-tensor, which is 
assigned to R-symmetry representations, and appears in the fermionic masslike terms and 
the scalar potential, can be assembled into representations of the global symmetry group 
G, as was first noticed in the context of maximal gauged supergravity in four dimensions 
[in] . For the symmetric target spaces, admissible subgroups of G are characterized by an 
embedding tensor that obeys ()5.3p and ()8.4|) . 

Note that the consistency conditions ()5.3|1 and ()8.4j) remain covariant under the com- 
plexified global symmetry group Gc. Indeed, non-semisimple gaugings in four dimensions 
were originally found in by analytic continuation of SO (8) in the complexified global 
symmetry group E7(C). In three dimensions, a similar construction should exist relating 
the different non-compact real forms of the gauge groups listed in table |21 below, and 
explaining why ratios of coupling constants between the factor groups remain the same. 



9 Admissible gauge groups for = 16 

To illustrate the variety of possible gaugings, we now turn to the maximally extended 
= 16 supergravity.^ In this case the embedding tensor transforms as an element of the 

different version of gauged N=16 supergravity, which modifies the ungauged theory only by topo- 
logical terms, and does not lead to a scalar potential or Yukawa type couplings, was recently proposed 
in gl]. 
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symmetric tensor product of two adjoint (and in this case also fundamental) representa- 
tions of E8(8) 



(248 ® 248) 



sym 



1 © 3875 © 27000 



(9.1) 



As shown in |2| (j8.4j) becomes 



(P. 



TQ 



e 



. 



(9.2) 



27000 J 



VQ — 



SO that the embedding tensor decomposes into a singlet and the 3875 representations of 
E8(8). Following P, we split the generators of g = Cs{8) into 120 compact ones X^-^ = —X-^^ 
with S0(16) vector indices /, J = 1, . . . , 16, and 128 noncompact ones {Y^} with S0(16) 
spinor indices A = 1, . . . 128. Then the condition (|9.2|) implies that only special S0(16) 
representations can appear in B; we have 



e = QijiKL X'^ © X^^ + Qij\A {X" ®Y^ + Y^® X") + Oaib © F'' , (9.3) 

with lacn] 



spinor representation. The tensors S/j, Ejjkl and S transform as the 135, 1820 and 
1920 representations of S0(16), respectively; hence En = = T^^^E^^, and Ejjkl is 
completely antisymmetric in its four indices. The singlet contribution in ()9.4|1 is absent 
for non-semisimple and complex gauge groups. 

Although the solutions to ()9.2|1 have not been exhaustively classified, it is known that 
all the irreducible components occurring in ()9.4|) can and do appear, depending on the 
type of gauge group. The simplest examples are the semisimple gaugings with maximal 
supersymmetry constructed in [2^, for which we have quite generally 

6 , Ejj , EjjKL 7^ and E'"^ = (for semisimple go) . (9.5) 

In this case, the sum fl5.12j) contains at most two terms, i.e. the gauge groups are typically 
products of two simple groups Gi x G2 with a fixed ratio of coupling constants gi/g2, such 
that there is only one free parameter in the theory. Schematically, we have the admissible 
gauge groups 



e 



'IJ\KL 





Go = Eg , Et X Ai , Eq X A2 , F4 X G2 , D4 X D4 . 



(9.6) 
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which appear in all those real forms that are consistent with -^8(8)- Remarkably, the 
ratio (71/(72 does not depend on the chosen real form. Furthermore, as shown in pi IT^. 
all these theories possess maximally supersymmtric (AdS or Minkowski) ground states. 
The corresponding theories with their corresponding gauge groups, which are particular 
noncompact versions of the groups ()9.fj|l . are listed in tableEl In the last column, the table 
lists the symmetry groups of the ground states, which are superextensions of the three- 
dimensional AdS group SL(2,M) x SL(2,M). Besides the fully supersymmetric vacua, 
there are also many known stationary points with partially broken supersymmetry ^21 
Uni IHj . However, because no general and complete results on the extremal structure of 
the associated potentials are available to date^, many further extremal points could exist 
besides the known ones. 

A second class are the non-semisimple gaugings, whose existence can also be inferred 
from the fact that in higher dimensions there are many maximal gaugings with non- 
semisimple groups El I1H|- For the non-semisimple gaugings, in general all 
components of the embedding tensor in (|9.4p are non-vanishing, in particular the 'off- 
diagonal' components (mixing compact and non-compact generators) 

7^ (for non-semisimple go) • (9.7) 

For N = 16, the most prominent examples are ^ 

Go = SO(p,g)KT28 forp + g = 8; 

Go = CSO(p,g;r) tx Tp_g_^ for p + g + r = 8 and r > (9.8) 

Here, T28 is an abelian group of 28 translations transforming in the adjoint of SO(p, g). 
Similarly, Tp,q,r is a group of translations, but of smaller dimension 

dim Tp,g,^ = dim CSO(p, q; r) = 28 - |r(r - 1) . (9.9) 

Note that the groups in ()9.8|) involving SO(p, q) or CSO(p, q; r) with p 7^ 0, 8 admit only 
one embedding, whereas there are two inequivalent SO{K) ix T28 gaugings, corresponding 
to the compactifications HA and JIB supergravity on 5'''. Quite generally, reduction of a 
higher- dimensional gauged supergravity (with semisimple or non-semisimple gauge group) 
on a torus will always lead to a non-semisimple gauge group in three dimensions. In view 
of the equivalence of CS and YM type gauge theories explained in section 4, the gauged 
super gravities with the gauge groups ()9.8|) are consequently on-shell equivalent to the 
ones obtained by reducing the SO{p,q) and CSO{p,q;r) theories of 03] on S^. Further 

•^Even for Z? = 4, the complexity of the potentials has prevented the identification of new stationary 
points beyond those already found in |15lll7j . although the potentials are now known on a larger manifold 
of scalar field configurations thanks to the high performance symbolic algebra program developed in |14| . 
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gauge group Go 


ratio gi/ g2 




ground state symmetry group 


SOf8)xSOf8) 


Oi / Oo = — 1 


(8, 8) 


OSDf8l2 ]R)xOSDf8l2 


S0(7 l)xS0f7 1) 


yi/ y2 


(8, 8) 




S0f6 2)xSOf6 2) 


Oi Oo = — 1 
yi/ yi 


(8, 8) 


SUf4ll l)xSUf4ll 1) 


S0f5 3)xSOf5 3) 

kj V, .y I t_/ J J kj V, .y 


0\ Oo = — 1 

yi/ yi 


(8, 8) 


OSDf4*l4)xOSDf4*l4) 


S0f4 4)xSOf4 4) 

k^ V, y I -L ^ -L I / N k_^ V, ^ I -L ^ -L I 


0^ 1 Oo = — 1 
yi/ yi 


(8, 8) 


Minkowski vacuum 




(7„ /o„ = — 3/2 
yG2/ yF4 ^/ ^ 


f4 12) 


Di('2 1- xOSDf4*|6) 


^ -L 4( — 20) 


0^ / = — 3/2 
yG2/ yF4 ^/ ^ 


(7 9) 


Gf3)xOSDf9l2 




yAj/ yEg 


(IQ 0) 


OSDf4*l8)xSUfl 1) 


Efio^xSU('2 1) 


(7, /(7„ = — 2 

yA2 / yEg 


(12 4) 


SU('6|1 1)xDH2 l--i) 


E6(_i4)xSU(3) 


C/A^/^Ee = -2 


(10,6) 


OSp(10|2,M)xSU(3|l,l) 


E7(7)XSL(2) 


fi'Ai/fl'Ey = -3 


(16,0) 


SU(8|l,l)xSU(l,l) 


E7(-5)xSU(2) 


gAjgEr = -3 


(12,4) 


OSp(12|2,M)xDi(2, 1;-|) 


E8(8) 




(16,0) 


OSp(16|2,R)xSU(l,l) 



Table 2: The = 16 theories with semisimple gauge groups Gq. Except for the last row, the 
gauge groups appear as direct products of two factors whose couphng constant ratio gi/g2 is 
determined by H9.2p . All these theories admit a maximally supersymmetric AdS (or Minkowski, 
for Go = S0(4, 4) x S0(4, 4)) ground state, whose symmetry group factorizes according to 
Gl X Gr, as specified in the last column; the supercharges split accordingly into + = 16. 



examples of non- semisimple gaugings can be generated from semisimple ones by the boost 
method described in 

In contrast to the semisimple gaugings, the non-semisimple ones do not admit maxi- 
mally supersjTiimetric groundstates. The potentials contain exponential factors and their 
minimum is usually reached at infinity. This phenomenon is well-known from higher- 
dimensional gauged supergravities. The non-existence of fully supersymmetric vacua is 
also related to the disappearance of the supersymmetric vacuum that is known to occur 
when one reduces maximal gauged supergravity from four or five to three dimensions on 
a torus. 
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The most curious solution of the consistency conditions is the complex gauge group 

Go = S0(8,C). (9.10) 

which can be reahzed in two inequivalent ways, corresponding to two possible and inequiv- 
alent embeddings of S0(8, C) into the (real) Lie group £§(8) (there are similar complex 
gauge groups SO(r;,,C) for N = 2n = 12, 10 supergravities). This gauging provides an 
example of a purely off-diagonal embedding tensor for which 

e = Eu = ^ijKL = and E'^ ^ (for go = so(8, C)) , (9.11) 

so S"^^ is the only nonvanishing component in ()9.4|) . Because it does not require an imag- 
inary unit, this embedding exhibits some rather strange properties. Like the semisimple 
gauge groups of table|2l the S0(8, C) gauged supergravities cannot be derived from higher 
dimensions by any known mechanism. Furthermore, they feature a de Sitter stationary 
point at the origin breaking all supersymmetries, and with tachyonic instabilities. (There 
are indications that these models possess no further extrema besides the one at the ori- 
gin.^) We note that CS gauge theories with complex gauge groups are of considerable 
interest (|21]; see also j^Hl and references therein for some recent developments). The 
embedding of such theories into supergravity with non-trivial matter couplings may well 
provide interesting new perspectives. 

As we already explained in the introduction, the existence of the large variety of gauged 
supergravities in three space-time dimensions, with potentials that have stationary points 
corresponding to AdS backgrounds, is important in the context of the AdS/CFT corre- 
spondence. In the case at hand the correspondence implies a relation between an AdS 
solution of a certain three-dimensional gauged supergravity and a two-dimensional (su- 
per) conformal theory living on the boundary of the AdS space. The two-dimensional 
theories are characterized by an infinite-dimensional superconformal algebra. These alge- 
bras have all been classified [IH] ; they consist of a sum of two algebras, pertaining to the 
left- and right-moving sectors, respectively, containing an ^l- and an nR-superextended 
Virasoro algebra. On the supergravity side, the maximal finite-dimensional subalgebra 
will correspond to the symmetry algebra of the AdSs stationary point. To illustrate this, 
one may consider the theories listed in table |21 which admit maximally supersymmetric 
AdSs stationary points whose symmetry algebra are listed in the last column. Indeed, 
each of these symmetry algebras coincides with the maximal finite subalgebra of a cor- 
responding superconformal algebra of [49, with the appropriate numbers, tzl and n^, of 
supercharges. 

The infinite-dimensional superconformal algebras appear in the asymptotic symmetries 
of the supergravity fields [SUIEII- For the pure extended (A^ > 1) supergravity theories, 
^T. Fischbacher, private communication. 
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this phenomenon was analyzed in For ul.r > 4, this analysis confirmed the presence 
of terms in the algebra that are quadratic in the generators, in accord with the known 
form of the corresponding infinite-dimensional superconformal algebras. It should be 
interesting to extend this analysis to the propagating bulk fields described by the matter- 
coupled gauged supergravities of this paper. 

In the spirit of the AdS/CFT correspondence the supergravity Lagrangians ()6.5p ob- 
tained for the theories listed in table El allow the construction of the ra-point correlation 
functions of a closed subset of chiral primary operators of the associated superconformal 
theories. To date, no concrete proposal for these = 16 boundary theories has been 
put forward — partly due to the lack of known brane configurations whose near horizon 
geometry would admit an isometry group related to any of the gauge groups in table |21 
In contrast, the most prominent example of an AdS3/CFT2 correspondence, the D1-D5 
system, relates IIB string theory on AdSs x 5^ x M4 jHSj to an A^ = (4, 4) superconformal 
field theory described by a non-linear sigma model whose target space is a deformation of 
the symmetric orbifold (M4)"/S'„ [H]. The corresponding low-energy effective supergravity 
is the half-maximal theory constructed in |23j . 

Gauged supergravities with non-semisimple gauge groups on the other hand make their 
appearance in the generalization of the AdS/CFT correspondence to so-called domain 
wall/QFT dualities, relating string theory on near-horizon Dp-brane geometries tod = p-fl 
dimensional super- Yang-Mills theories with sixteen supercharges [Ml EH] • In particular, 
the A^ = 16 theory with gauge group SO (8) x T28 describing the warped AdSa x S*^ near- 
horizon D-string geometry [SHI , is holographically dual to IIA matrix string theory ^| . 
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